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Question 1 (25 Marks)

a) Four 10nC positive charges are located in the z = 0 plane at the corners of a
square of length 8 cm on a side. A fifth 10nC positive charge is located at a point
8 cm distant from the other charges. Calculate the magnitude of the total force
on this fifth charge for e=¢..

(7 marks)

b) A uniform volume charge density p,=0.2 puC/m? is present throughout the
spherical shell extending fromr=3 cmtor=5cm. If p, =0 elsewhere, determine:
i) The total charge present throughout the shell
i) The radius r1 if half the total charge is located in the region
3cm<r<ry.

(8 marks)

c) Acircular disk of radius p=4 m, lying on the z=0 plane, centred at z=0, p=0, has

surface charge density given by:

10
Yo,

C/m?

Ps

Determine, the electric field intensity E at point P which is located at p=0, z=3 m.

(10 marks)
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Question 2 (25 Marks)

a) The surface x=0 separates two perfect dielectrics. For x>0, dielectric material 2 has
relative permittivity €=2.4, while for x<0, material 1 has &r1=1. If the electric flux
density in region 1 is given by [31 =3%—4Y+67 C/m*determine:

i) E and D in dielectric material 2.
ii) The angles that the E vectors make with the tangent in both
media.

(7 marks)

b) The electric flux density in a certain region is given (in cylindrical coordinates) by:
D =8psingp+4pcosgg C/m?

Determine:
i) The volume charge density, and evaluate it at P(2.6 m, 38°, -6.1 m)
ii) How much charge is located in the region defined by: 0<p<1.8 m;
20°<¢<70°; 2.4<2<3.1 m.
(7 marks)

c) Let a filamentary current of 5 mA be directed from infinity to the origin on the
positive z axis and then back out to infinity on the positive x axis. Find H at P(0, 1, 0)

(121 marks)
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Question 3 (25 Marks)

a) Two concentric spheres have a dielectric material of relative permittivity £=3.12
placed in the region between them. The inner sphere has radius r=2 cm, and is
placed at a potential V1=-25 volts; while the outer sphere has radius r=35 cm, and is
at a potential V=150 volts.

i) Using Laplace’s equations, solve for potential V in the region between the
spheres

ii) Determine the electric field intensity, E in the region between the spheres.

iii) Find the surface charge on each sphere.

iv) Determine the capacitance between the spheres
(13 marks)

b) A long straight non-magnetic conductor of 0.2 mm radius carries a uniformly-

distributed current of 2A dc. Determine:

i) The current density J within the conductor

ii) The magnetic field intensityH within the conductor. Use Ampere’s circuital

law
i) That J = VXH inside the conductor

iv) The magnetic field intensity H outside the conductor. Use Ampere’s circuital

law

v) That j = §XH outside the conductor

(12 marks)
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Question 4 (25 Marks)

a) In a region with cylindrical symmetry, the conductivity, o =1500e % S/m
If an electrostatic field of E =302V /m, is present, determine:

i) The expression for the current density, J .
i) The total current leaving the surface defined by p<o, z=0, 0<p<2~.
iii) The magnetic field intensity, H .

(8 marks)

b) A surface current sheet K =9y A/m is located in the plane z=0, the interface
between region 1, z<0, with relative permeability u=4; and region 2, z>0, with p,
=3.1fH, =14.58+8.02 A/mdetermine H,.

(8 marks)

c) A torroid is constructed of a magnetic material having a cross-sectional area of
2.5 cm? and an effective length of 8 cm. There is also a short air gap of 0.25 mm
length and an effective area of 2.8 cm?. An mmf of 200 Ampere-turns is applied
to the magnetic circuit. Calculate the total flux in the torroid if:

i) The magnetic material is assumed to have infinite permeability
ii) The magnetic material is assumed to be linear with relative permeability

11:=1000.

(9 marks)
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VECTOR FORMULAS

A-BxC)=(AxXB)-C
AX(BxC)=B(A-C)~ C(A-B)
VXvu=90

v-(V XA)=0
(AXB)-(CxD)=(A-C)(B-D)~ (A-D)(B-C)
d du dA
MIQA=>VHM>+=N‘;

d dA dB
NA>;wuHH.—w+> H
ho»x.:nnlk»xw+>xm
do de do
V{u+v)=vu+ 9o
v{(w) = uve + vvu

V(A-B)=BX(VXA)+AX(VvxXB)+(B-vV)A+(A-V)B
v(C-r)=C  where C = const.

v-(A+B)=vV-A+V-B

V - (uA) =A-(vu) +u(v -A)

v - (AXB)=B-(V XA)—A-(Vv XB)
VX(A+B)=Vv XA+V XB

V X (uA) = (vu) X A + u(v X A)
VX(AXB)=(V-BA-(V-AB+(B-V)A-(A-V)B
v xX(vxA)=v(v- -A)-vA

where

3B, aB 3B,
(A-v)B= »A A

¥ ox Y 3y * 9z

(1-29)
(1-30)
(1-48)
(1-49)
(1-106)

(1-107)
(1-108)

(1-109)

(1-110)
(1-111)

(1-112)
(1-113)

(1-114)
(1-115)
(1-116)
(1-117)
(1-118)
(1-119)
(1-120)

(1-121)

VECTOR OPERATIONS

RECTANGULAR COORDINATES

»w: _Ou  du o
Vu= Awa+u‘ﬁ+umu (1-37)
dA, 34, 094

z

VA= 3t 3 + % (1-42)
< Ao gf 04, 34, 34\ (34, 04, -
¥ =% ay 3z +A.mulmkv+u.ﬂ ay {£48)
. Pu  Pu  u
V- u |m+ﬂ+ﬂm :,gv
CYLINDRICAL COORDINATES
. du % 1 du  ou
vu ..mb i~ me+nﬂ (1-85)
19 134 04
N —— §——24 2 o
v A ~ mu?i.; T o (1-87)
134, 44 04, a4, 12 144
XA=p|-—L~-—_2 & Lo = < )
v Ab ap dz ¥ GA dz dp v +»r mb?\ne p dog %
(1-88)
., 1 3( du umn=+m~= 5
M 7 L vy g dr e S (189
SPHERICAL COORDINATES
.w=+a~w=+. 1 du 150
dalnﬂ r a6 emea dp (1-101)
19 1 9 1 94
o A e 2 ol e —2 &
Bl r? waA\v.f;i@ meaws?.av.f‘mia dg ()
2 £ mﬁ.\: &:+® 1 34, 3\:
o T e e e ML
$Ja a4,
+LMA§V: mL (1-104)
) 1 3  du 2 1 9. xm: 1 3% ;
vV u 72 mﬂﬁﬁ Mv \umEQaAm:u WMV +l|lw~ na ﬂﬂu (1-105)
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Useful mathematical tables

C.1 A brief list of series

---------------------------------

(1+x)"=1+nx+n(n_1)x3+n(n—l)(n_z) 5 .

21 T X' lx| <1
o] —~ 1Yn— 2
(l—x)”=I—nx+n(n2| )xz_”(” 3)r(n )x3+"‘f-”|<1
+1 1 +2
(l_x)_n=1+ﬂx+n(n;_ )x2+n(n+3)'(n+ )x3+...|xi<1
I+ i+3+i+ =00
I=z+5—f+ =l
oLl 1o K
3 5 7 4
1+ +1+1+ x?
21T g T 6
L1 1 2
2232 g2 12
i et e i
32 52 72 8
_ 3 x° P
Sln(x)—x—§+§-?'-
2 .4 g
COS(X)=]~i+x__x_+___

204t @

oo K
In(l +x) =Y 1" forany
n
n=l1

n2 A list of trigonometric identities

o gt e gt
€ =cosh(f) +sinh(@) =1 + ¢ + 5 +§ +I+...
e/t = cos{f) + J sin(@) where j = v/~ 1

cosh(f) = ife? + =]

8
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664 Appendix G Useful mathematical tables

sinh(f) = 1[e® — e *]

cos() = 1[e’? + e %)
sin(9) = g[e/? —e7/]
sin(—or) = — sin(e) sin{or) = cos{e — m/2)
cos{—a) = cos(a) cos(er) = — sin{o — 71 /2)

cosh{ jor} = cos(a)
sinh(jo) = j sin{o)
cos(jB) = cosh($)
sin(jB) = j sinh(f)
sinh{a + B) = sinh{e) cosh(f) + cosh{a) sinh(8)
cosh{er + B) = cosh(x) cosh() + sinh(er) sinh{5)
sinh(or + jB) = sinh{er) cos(B) + j coshia) sin(f)
cosh(er + j8) = cosh{a) cos(B) + j sinh(e) sin(8)
sin(ee + jB) = sin(e) cosh(B) + j cos(er) sinh{#)
sin(e — jB) = sin{e) cosh(8) — j cos{a) sin{F)
cos{a + jB) = cos(e) cosh(B) — j sinler) sinh{5)
cos{e — jB) = cos(e) cosh(B) -+ j sin(a) sinh(8}
sin(e + B) = sin(e) cos(f) + cos(ar) sin(f)
cos(er + B) = cos{a) cos(B) — sinfer) sin(B)
sin{2e) = 2 sinfa) cos(cr)
sin(3ar) = 3sinf{e) — 4 sin*(e)
cos(2o) = cosz(a) — sinz((x)

= 2cos*(a) — 1

=1 — 2sin’(a)
cos(3x) = 4 cos3(a) — Jcos(a)
sin®(a) + cos*(er) = 1
1 + tan®(e) = sec*(@) 14 cot’(e) = csc’(a)
sin(a) = 3(1 — cos(2a))
cos* () = 1(1 + cos(2a)}
sin*(e) = {(3sin(ar) — sin(3e))
cos’(a) = (3 cos(a) + cos(3))
2 sin{e) cos(B) = sin{er + B) + sin{e — B}
2 cos(a) cos(8) = cos{o + B) + cos{a — B)

2 sinfee) sin(B) = cos(ee — B) — cos{a + B)
tan{er) + tan(B)

tan( + ) = T fan(8)

ENEL2FT - FIELD THEORY MAIN EXAMINATIONS - NOVEMBER 2015 Page 9



g —

C.3 Alist of indefinite integrals

---------------------------------

In the list of integrals that foliows, € is simply a constant of integration,

Let X = a2 + x2
fxlﬂ dx = %xﬂﬁ +C

dx
-_— =2 C
7 Vx4

2

i
fde:ExX-l—%lnlx—le—i—C

1
fXXdXEEX%'l'C

d
f—X—"zln[x+X]+c
dx ! x

S s i
X3 a2X+

dx 1 [Tx 13
srs=;4[r§ﬁ]+c
x dx

— =X+ C

X +

xdx !
=——4+C
[5 =3+
/‘xdx_ ! Lc
X5 7 3x3

dx 1 =i
f‘r el e

dx X 1 -
f @+ 122 2a%(a? + x2) > 243 s €
xdx 1 2 3
fm:ilnla +x*+C
x dx 1
————— = —— 4
(@ + x2y 2(a? 4 x2) W

f‘z_dx—z = - i@+ )/(a — ) 4 C = L tanh(r/a) +
a‘—x 2a 53

xdx _
(= 52y

1
fsin(ax) dx = = cos(ax)+ C

I
= In)a? —x2| +C

I
f cos{ax) dx = — sinfax) + C
a

n(2
fsinz(ax) dx = ;—C . niaax)

10
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Appendix C Useful mathematical tables

x  sin(2ax)

2
dx = =
fcos(ax) x 2+ o 4+ C
. cos(a + blx  cos(a -- b)x
bx)dx = — -
/sm(ax)cos( x)dx Nt b Xa—5 as+p
. . sinfa — b)x  sin(a + bix
bxydx = =
fsm(ax)sm( x)dx a5 aiD) a# +b
sinfa —M)x  sin(g + b)x
B = S g BN TR
fcos(ax)cos( x) dx a—b) T a#*+b
. cos{2ax)
fsm(ax) cos{ax)dx = — +C
4a
sin" ! (ax)
b o — =
/sm (ax)cos(ax) dx ———(n T+ Da +C, n#-1
1
ftan(ax) dx = - In{ cos(ax)| + C
1
fcot(ax) dx = - In| sin(ax)| + C
. 1 X
fx sinfax) dx = = sin(ax) — — cos(ax) + C
a a
1
fx cos{ax)dx = o cos{ax) + ul sinfax) + C
a a
1
ftanz(ax) dx = —tan(ax)~x +C
a
[cotz(ax) dx = —é cot(ax) —x +C
1
[eranmtensc
a
fb‘”d L ¥+ C
T = 2
fxe“"‘dx: e—z(ax— D+C
a
1 B -1
x"e™ dx = — x"e® — = fx" e dx
a a
j‘ € sin(bx) dx = ﬁ [asin(bx) — b cos(bx)] + C
f € cos(bx) dx = a,fﬁ[a cos(bx) + bsin(bx)] + €
fln(ax) de=xlnfax)—x+C
41 xn+l
fxnln(ax)dx:n+11n(ax)—(n+1)2+C n#—1

f -1~ In(ax) dx = l[ln(ax)]2 +C
X 2

1
f sinh{ax) dx = — cosh{ax) + C
a
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667 C.4 A partial st of definite integrals

1
/ cosh(ax)dx = —sinh(ax) + C
(5

f tanh(ax) dx = l ln[cosh{ax)] + C

—_— R

fcoth(ax) dx = —In|sinh(ax)| + C

—

f sech(ax) dx = — sin™ '[tanh{ax)] + C

a
1
fcsch(ax) dx = Elnl tanh(ax/2)| + C
inh(2
fsinhz(ax) dx = M it +C
4a 2
sinh(Zax) x
h? =—+-+C
[cos (ax)dx 12 + 5 +

f tanh?(ax) = x — étanh{ax} +C

f coth’(ax) dx = x — é—coth(ax) +C
f sech2(ax) dx = é tanh{ax) + C

[ csch?(ax) dx = —% coth{ax) + C

C.4 A partial list of definite integrals

---------------------------------

22 1
f e dx=—- (a=0)
n a

o 1
xe P dx = - (@ >0
[
2 2
e dx = = {(a>0)
a
= n ax n!
x"e dx:;m (a>0,n>—1)
[e.%)

1
x'2e™ dx = E—,Jrr/a {a > 0)
s

x e dx = /mja (a>0

% b

i e sin(bx)dx = D] {a>0)

:5;. e " cos(bx)dx = m (a > 0)

P o0

2ab

!‘f-“_ xe % sin(bx) dx = (?2—_213—2)2 {a >0
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Appendix C Useful mathematical tables

=] a2 N
fo xe ¥ cos(bx)dx = m (a>0)
2
f sinfax)dx =0  {(@a=1,23,...)
0
27
f cos(ax)dx =0 (a=1,2,3,..)
0
2w
f sin(ax)dx =m @a=1,273,...)
0
2T
f cosflaxydx=n  (a=1,2,3...)
OJT
f cos(ax)dx =0 {(a=1,23,...)
0
T 1
f sin{ax) dx = - [1 — costam)] (a=1,2,3..2
0
f sin(ax) dx =
0

g
f cosi(ax) dx =
0

(.= L2 3w )

(a=1,23,..)

o A

f ‘ sin(ax)sin(bx) =0  a # b (a and b are integers)

0

f cos(ax)cos(bx) =0 a # b (a and b are integers)
0

a
f sin(fax)cos(bx) =0 a =bh(aandbare integers)
Q

=0 a+#bbut(a+b)even

2
= - “bi a % b but (@ + b) odd

nj2
f sin(ax) dx = %[1 — cos{an/2)]
0
nf2 1
f cos(ax) dx = — sin{an/2)
0 a
/2
f sin‘(ax) dx =
0

wf2
[ cos?(ax)dx =
0

Gi= 124 3y )

Rlw R4

(@ = 1523, vosr)
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670 Appendix ¢ Useful mathematical tahles

For good For good
dielectric Conductor
Exact el | Pl |
Attenuation constant & = Re (jw,uu: {1- ji)) o= %\/g s LS
(Np/m}
Phase constant (rad/m) B=1Im (jw Ue (l — B=w/ué g= /%
Intrinsic impedance (£2) fi= = L”jfug n= ‘/g A=+ \/%
__ 2z L _ 2
Wavelength (m) h=<£ A=t A=2m /wM
. e
Wave velocity By 5 Up = = uy = f20
Skin dﬂpth (m) 6(‘ R 6" = § ,L% af’ = \/a)::rr
C.7 Some physical constants
Constant Symbel Value
Velocity of light in vacuum c 2988 x 10°m/s
Electronic charge (magnitude) e 1.602 x 10°¥ C
Electronic mass m 9.109 x 1073 kg
Electronic charge to mass ratio lel/m 1759 x 101" C / kg
Permeability of free space g 47 x 100" H/m
Permittivity of free space &g B854 x 1072 ~ 10 F/m
Electron volt (energy) je|V 1.602 x 10-19 1
Boltzmann constant k 1.381 x 1072 J /K
Planck’s constant H 6.626 x 1073 J ¢
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